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Abstract. Let C C be a closed two-dimensional disk and / : — > M 
- - - be a continuous function such that a restriction of f to dD^ is a continuous 

§ : function with a finite number of local extrema and / has a finite number of 

Q I critical points in Int such that each of them is saddle (i.e., in its neigh- 

CN ■ borhood the local representation of / is / = Rez^ + const, where z = x + iy, 

n > 2). This class of functions coincides with class of pseudoharmonic func- 
tions defined on D'^ [1-7]. 

First, we will construct an invariant of such functions which contains all 
information about them. Then, in terms of such invariant the necessary 
and sufficient conditions for pseudoharmonic functions to be topologically 
^ ■ equivalent will be obtained. 

O ■ Keywords, a pseudoharmonic function, a combinatorial diagram, a topo- 

(-| ! logical conjugancy. 
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In [8-17] the problems of topological classification of functions, vec- 
tor fields and others structures on manifold v^^ere solved. In most cases, 



! such solutions were received by the construction of combinatorial ob- 



jects which contain all necessary facts about the structure being inves- 
^ • tigated. For example, in [15] authors constructed the spin graphs in 

order to classify Morse-Smale's fields on closed two-dimensional mani- 
folds. So, an isomorphism of such graphs is the necessary and sufficient 
condition of topological classification of fields. In [8, 14] the classifica- 
tion of M-morsifications and bifurcations was obtained in terms of 
. snakes (the special permutations). 

rN I Our goal is to construct an invariant of pseudoharmonic functions de- 

I fined on disk and to receive the conditions for them to be topologically 

equivalent. 

In Section 1 we introduce all necessary definitions which connect the 
nature of pseudoharmonic functions and theory of graphs. 

In Section 2 the invariant of such functions is constructed, and also 
its main properties are studied. In particular, the invariant is a finite 
connected graph with a partial orientation and a partial order on its 
vertices which is generated by a function. 

The main result of this paper is Theorem 3.1. in Section 3 which 
formulates the necessary and sufficient conditions for pseudoharmonic 
functions to be topologically equivalent in terms of their combinatorial 
diagrams. 
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1. Preliminaries 

Let us remind some definitions and results which will be helpful for 
us. 

Let T be a tree with a set of vertices V and a set of edges E. Suppose 
that T is non degenerated ( has at least one edge). Denote by T^er a 
set of all terminal vertices of T (i.e. vertices of degree one). Suppose 
that for some subset V* CV the following condition holds true 

(1) Vter C V* . 

Let also </? : T ^ is an embedding such that 

(2) ip(T) C , ip{T) n dD^ = ip{V*) . 

Lemma 1.1 (see [18]). A set \ {(p{T) U dD^) has a finite number 
of connected components 

c/o=R2\D^f/l,...,f/„,, 

and for every i € {1, . . . ,m} a set Ui is an open disk and is bounded 
by a simple closed curve 

where Lj is an arc of dD^ such that the vertices (p{vi) and '^{v[) are its 
endpoints, and tf{P{vi,v[)) is an image of the unique path P{vi,v[) in 
T which connects vi and v[. 

It is known [19] that if Ei, E2 are closed disks and h : dEi — > dE2 
is a homeomorphism that there exists a homeomorphism H : Ei ^ E2 
such that H\qei — h. 

Definition 1.1. Two functions f,g : ^M. are called topologically 
equivalent if there exist orientation preserving homeomorphisms hi : 
D'^ D'^ and /i2 : IR ^ R such that f = o g o hi. 



We remind that function f{x,y) is harmonic at a point (xo,yo) if 
^ixo, yo) + ^{xo, yo) = 0. 



Definition 1.2. Function f{z) is pseudoharmonic at a point zo — 

(xQ^yo) if there exist a neighborhood U{zq) and a homeomorphism cp 
of U{zq) onto itself such that (p{zq) = Zq and f{ip{z)), z = {x,y), is 
harmonic. 

Function / is pseudoharmonic in a domain if it is pseudoharmonic 
at any point of it. 

Definition 1.3. Point Zq G is a regular point of f if there exist 
its open neighborhood U C and a homeomorphism tp : U ^ Int 
such that ip{zQ) — and f o (f~^{z) — Rez + f{zo) for all z & U. 
The neighborhood U will be called canonical. 
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Definition 1.4. Point Zq e OD"^ is a regular boundary point of f if 

there exist its neighborhood U in and a homeomorphism h : U ^ 
-D+ of such neighborhood into upper half-disk such that h{zQ) = 0, 
h{U n /-i(/(2o))) = {0} X [0, 1), h{U n dD'^) = (-1, 1) X {0} and a 
function f o is strictly monotone on the interval (—1, 1) x {0}. 
The neighborhood U will be named canonical. 

Remark 1.1. It is easy to see that the canonical neighborhoods from 
Definitions \1.3\ and\1.4\ can be chosen as small as need. 



If a point zo G Int is not a regular point of / G F{D^) it will be 
called critical. By definition all critical points of / are saddle. 

Point of dD'^ that is neither a boundary regular point nor an isolated 
point of its level curve will be called a critical boundary point. 

Definition 1.5. Number c is a critical value of / if level set f~^{c) 
contain critical points. 

Number c is a regular value of / if a level set f~^{c) does not contain 
critical points and it is homeomorphic to a disjoint union of segments 
which intersect with a boundary dD^ only in their endpoints. 

It is known that any level curve of pseudoharmonic function is home- 
omorphic to a disjoint union of trees [1,3]. 

Definition 1.6. Number c is a semiregular value of f if it is neither 
regular nor critical. 

Remark 1.2. From Definitions it follows that level curves of semireg- 
ular value contain only boundary critical points and local extrema of f 
(they belong to dD^ and are isolated points of level curves of f ). The 
level curves of the critical value contain the critical points and they also 
can contain boundary critical points and local extrema. 

From Theorem 4.1 [6], see also [1], it follows that for any critical 
boundary point there exists an homeomorphism of its canonical neigh- 
borhood onto half-disk which maps that point to origin and an image 
of its level set consists of finite number of rays outgoing from it. 

It is easy to prove that the level curves of a semiregular value of pseu- 
doharmonic function are isomorphic to trees, in general disconnected. 

For any boundary critical point Zq the number of domains on which 
half-disk is divided by a set f~^{f{zo)) is greater than 2. Every such 
domain can be associated with a sign either "+" or "— " depending on 
a sign of the difference f{z) — f{zQ) in it. 

We should remark that if a number of the domains is even then the 
domains adjoining to OD"^ have the same sign. Therefore a point zq is 
local extremum of /| 9152. It is obvious that in the case when this sign 
is minus it is a local maximum, otherwise it is minimum. 

Let n > 1 and zi, . . . , Z2n is a sequence of points on dD^ = S*^ and 
they are passed in this order in the positive direction on dD^ . Let 7^ 



4 




Figure 1. In case a) point is regular but in case b) it 
is local maximum of f\dD^- 

is a positively oriented close arc of dD^ from Zk to Zk+i or zi when 
k = 2n. Denote by 7^ an open arc 7fc without its endpoints. 

Definition 1.7 (see [20]). Suppose that for a continuous function f : 
D there exists n = A/'(/) > 2 and a sequence of points Zi, . . . , Z2n-i, z^n G 
Fr Z) (in this order these points are passed in the positive direction on 
YxD) such that the following conditions are satisfied: 

1) every point of the domain Int D = D \ Ft D is a regular point 

off; 

2) 72fc-i 7^ for k G {1, . . . , ra}, and any point of the arc ^2k-i 'is 
a regular boundary point of f (in particular, the restriction of 
f to 72fc-i is strictly monotone); 

3) the arcs ■j2k, k G {l,...,n}, are connected components of the 
level sets of f. 

Such function will be called a weakly regular on D. 

Lemma 1.2 (see [20]). Let f be a weakly regular function on D. Then 

MU) = 2. 

Definition 1.8 (see [20]). Suppose that for some n> 2 and a sequence 
of points zi, . . . , Z2n eFy D a function f satisfies all conditions of Def- 
inition \1.'T\ except 3, but instead, the following condition holds true 

3') for j = 2k, A; G {1, . . . ,n}, an arc •jj belongs to some level set 
off. 

Such function will be named an almost weakly regular on D. 

Let / be an almost weakly regular function on D. Denote by 2 ■ 
A/'(/) a minimal number of points and arcs satisfying Definition IL8[ 
Obviously, 2 ■ Af{f) only depends on /. 

Proposition 1.1 (see [20]). If for some n>2 and a sequence of points 
Zi, . . . ,Z2n G FrZ) a function f satisfies all conditions of Definition \1.8\ 
and n = Af{f), then a collection of sets {72^-1)^=1 coincides with a 
collection of connected components of the set of regular boundary points 
off. 
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Definition 1.9 (see [20]). A simple continuous curve 7 : [0, 1] — > 
is called an [/-trajectory «/ / o 7 is strongly monotone on the segment 



Definition 1.10 (see [20]). Let f be a weakly regular function on the 
disk D, let 71,..., 74 be arcs from Definition I j. ?l // through every 
point of a set T which is dense in 72 U 74 passes a U -trajectory, then 
the function f is called regular on D. 

Theorem 1.1 (see [20]). Let f be a regular function on D, 71, ... ,74 

be the arcs from Definition \1.'A 

Let D' = P, «/ 72 7^ and 74 ^ 0; D' = D"^, if 72 U 74 = 0; 
2 

D' = D^, if exactly one of sets either 72 or 74 is empty. 

Suppose that (p : Fr D Ft D' is a homeomorphism such that (p{K) = 
K' , where 



There exists a homeomorphism Hj of disk D onto D' such that 
HjIk = and f o Hy^{x, y) = ay + b, (x, y) E D' , for some a,b E M, 



2. Combinatorial invariant of pseudoharmonic functions 

At first we should remind the term of Reeb's graph. Let M be 
a smooth compact manifold. Suppose that / : M — > M is a smooth 
function with a finite number of critical points. Let us define connected 
component of level curves of /~^(a), where a G M, as layer. Then 
M is the union of all layers of /. Also we can define the relation of 
equivalence as the property of points to belong to a same layer and 
consider the quotient space by this relation. It is homeomorphic to 
a finite graph named Reeb's graph and let us denote it by FK_ji{f). 
Its vertices are components of level curves such that they contain the 
critical points. 

Let D"^ be a closed oriented disk and / : ^ M be a pseudohar- 
monic function. We should remark that for a manifold with boundary 
the construction of Reeb's graph is an open problem therefore there is 
a reason to obtain another invariant for such functions. 

Construction of invariant for pseudoharmonic function named 
as combinatorial diagram: 

1) We construct Reeb's graph Fx-RifldD'^) of the restriction of / 
to dD'^. It is isomorphic to circle with even number of vertices 
of degree 2 (vertices are local extrema of the restriction of / to 
dD"^) and fix an orientation on FK-Riflan^) which is generated 
by the orientation of D'^. 



[0,1]. 



K' 
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2) Let tti be the critical values of / and Cj be the semiregular 
values. We add to T'K-R{f\dD'^) those connected components of 
sets 

r\a,) u . . . U f-\a,) u r\c,) u r^c^) u • • • U ' 

of level curves that contain critical and boundary critical points. 
It is obvious that new vertices appear on Tx-RifldD'^)- We set 

p(/) = TK-R{fM^[jr\a.)u\jf-\c,) , 

i j 

where f~^{ai) C f^^{ai), f~^{cj) C f~^{cj) are those connected 
components of level sets that contain critical and boundary crit- 
ical points. 

3) We put a partial order on vertices of P{f) by using the val- 
ues of /: vi < V2 f{xi) < f{x2), where Vi,V2 G P(/), 
Xi,X2 are points corresponding to vertices Vi,V2, respectively. 
In case of the same values of function on vertices they will be 
non comparable. 

This partial order is strict [21] since the relation is antireflexive, anti- 
symmetric and transitive. P{f) will be called combinatorial diagram 
of pseudoharmonic function /. 

By the construction P{f) is a finite partially oriented graph with a 
strict partial order on vertices. 




Figure 2. Example of a diagram of some pseudohar- 
monic function. 



We constructed the combinatorial invariant of / as subset of D"^. 
We will consider it as the abstract partially oriented graph with fixed 
relation of partial order on the set of vertices V{P{f)). 

Definition 2.1. Two combinatorial diagrams P{f ) and P{g) are iso- 
morphic if there exists an isomorphism (f) : P(f) — > P(g) between them 
which preserves a strict partial order given on their vertices (maps 
(b\ and(f)~^\ are monotone) and the orientation. 

I V{P{f)) I V{P{g)) 
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We put the natural topology on the diagram P{f). For example, 
it can be introduced by structure of one-dimensional CW-complex on 
P(/). All vertices of the graph P{f) can be considered as 0-dimensional 
cells, similarly, all edges can be considered as 1-dimensional cells. P{f) 
also can be regarded as a subset of and all edges are straight seg- 
ments. 

Definition 2.2. Homeomorphism ip : P{f) P{9) is said to real- 
ize an isomorphism : P{f) P{g) of combinatorial diagrams if 
ip\ — d)\ and from die) = e' it follows that (p(e) = e' for 

any edge e e E{P{f)). 

Remark 2.1. It is clear that every isomorphism (j) of combinatorial 
diagrams is realized by some homeomorphism but it is not uniquely 
defined: for every edge e E E(P(f)) we can arbitrarily choose a home- 
omorphism (fe ■ e ^ 0(e) such that maps ipe o-f^d (f) are the same on 

env{P{f)). 

We constructed the combinatorial diagram P{f) as a subset of 
therefore "support" of diagram in is correctly defined since it is the 
set 

(3) Pf = r^-RifM u Ur'K) u Ur'(9) , 

i j 

where f~^{ai) and f~^{cj) are connected components of level curves of 
/ which contain the critical and boundary critical points. 

Similarly, to the vertices of P{f) corresponds the set Vf which is the 
"support" of the set of its vertices in D'^. Function / induces a strict 
partial order on it using the following correlations Xi < X2 -x^ f{xi) < 
f{x2). Denote by M(/) C OD"^ the set of local extrema of f on D^. 
By the construction every point of this set corresponds to some vertex 
of thus M[f) C Vf. Other vertices of P{f) are characterized 

by the property that each of them is a common endpoint of at least 
three edges, therefore it has no neighborhood that is homeomorphic to 
segment in the space P{f). 

Definition 2.3. Cr-subgraph of P{f ) is a subgraph q{f) such that: 

• ?(/) is a simple oriented cycle; 

• arbitrary pair of adjacent vertices Vj, Vj+i £ q(f) is comparable. 

Let (f : P{f) D"^ be an arbitrary embedding of topological space 
P(/) into such that (p{P{f)) = Pf. Granting what we said above 
it is obvious that an inclusion M(/) C (p(y{P{f))) is equivalent to 
v{V{P{f))) = Vf. 

In what follows unless otherwise stipulated we assume that 
for any embedding of P{f) into the orientation of Cr- 
subgraph coincides with the orientation of dD^ . 
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Definition 2.4. Let ip : P{f) — > be an embedding of topological 
space P{f) into D^. It is called to be consistent with / if the following 
correlations hold true: 

. ^(P(/)) = Pj; 

. M{f) C ^(\/(P(/))); 

• a partial order on (y{P{f))) = Vf induced by a partial order on 
V{P{f)) with help of (p coincides with a partial order induced 
on this set from ^ by f. 

It is clear that there exist at least one embedding (p : P{f) 
which is consistent with /. li ^ : P{f) P{f) is an isomorphism of 
P{f) onto itself (for example, identical map) which can be realized by 
homeomorphism ip : P{f) —>■ P{f), then an embedding ip o ip is also 
consistent with /. 

We should remind that vertices Vi and V2 of some graph G are adja- 
cent if they are endpoints of the same edge. 

Let V be some vertex of the diagram P{f) and {fi}, i = 1, k, he a 
set of all adjacent vertices to it. Then there exist points x and Xi of 
that correspond to vertices v and Vj. Denote by Xi C the set 
of points which corresponds to edge e(t', Vi) (it is clear that every Xi is 
homeomorphic to segment). Let us consider the following cases: 

Case 1: x G IntD^. Then f{x) = f{xi) = a, where i = l.k and a 
is a critical value. Therefore vertices v,vi,V2, ■ ■ ■ ,Vk are pairwise non 
comparable. Since level set of the critical value a is a finite tree then 
all vertices of it are non comparable. 

Case 2: x G dD^. In this case the point x is either regular or 
local extremum of /| 9152 which is continuous and monotonically increase 
(decrease) between adjacent local extrema. Therefore, among sets Xi 
there exist such that function monotonically increases (decreases) on 
them. Circle is closed Jordan curve then there are exactly two such sets 
Xj and Xk whose endpoints are points x.j and Xk- So, it follows that 
among all vertices {vi} adjacent to v there exist exactly two vertices 
Vj and Vk which are comparable with a vertex v. For both Vj and Vk 
there exist exactly two vertices which are comparable to it thus these 
vertices generate a cycle (the case of two or more non intersecting cycles 
is impossible since a disk has one boundary circle). 

It is obvious that v together with both vertices Vj and Vk belong to 
9(/)-cycle. 

The fact that the diagram P{f) is constructed by pseudoharmonic 
function implies several characteristics of it. 
Main properties of P{f): 

CI) there exists the unique Cr-subgraph q{f) G P{f); 



9 



C2) P{f) \ q{f) = (J ^i, fl *i = 0, where i ^ j, and every *j is 

i 

a tree such that for any index i arbitrary two vertices v', v" e 

are non comparable; 
C3) there exists an embedding ^ : such that ipiqif)) = 

dD'^ and \ ?(/)) C IntD^. 

C4) for every connected component © of \ Pf the function / is 

regular (see [20]) on the set 6. 
From what was said above the existence of Cr-subgraph and the fairness 
of C2 follow. From the existence of Cr-subgraph and C2 it follows that 
q{f) is unique. Condition C3 follows from fact that P{f) is a diagram 
of a function /, defined on D^. Cr-subgraph q{f) e -P(/) is unique 
thus from the definitions it is easy to see that for every embedding 
ip : P{f) — > which is consistent with / the equality ip{q{f)) = dD"^ 
should hold true. 

By the definition of the diagram P{f) any tree corresponds to 
a connected component of some critical or semiregular level set of /. 
A number of trees is the same as a number of such components which 
contain critical or boundary critical points. Denote by P^ = Pf\ dD"^ 
the union of such components. 

Let ■0 ■ P{f) ~^ be an embedding which is consistent with /. 
If the endpoints v' and v" of some edge e = e{v',v") of P{f) are non 
comparable, then e = e \ {v', v"} G P(/) \ q{f ) C [j. ^I'^. Thus ^(e) C 
Pf n Int C P^. Then there exists c = c(e) G M such that (p{e) C 
/~^(c). Any connected set V'(^j) belongs to some connected component 
of Pf. From the facts that a map ip is an embedding and ip{q{f)) — dD^ 
follow the equalities 

^ (U *o ^ ^( ^^^^ \ ^^^^ ) ^ ^^^^^^^ \ ^^^^^^^ ^ \ ^ ■ 

By the definition the number of connected components of sets IJ^ 
and Pf coincides thus any set ipi'ifi) is a connected component of Pf. 

Let us combine together corollaries of Conditions C1-C3 which we 
obtained above. 

Proposition 2.1. Let P(f) be a combinatorial diagram of pseudo- 
haunonic function f and ip : P{f) — > be an embedding which is 
consistent with f . Then the following conditions hold true: 

. ^(g(/)) = dD\- 

• for any tree \l'i the set ip{'^i) is a component of critical or 
semiregular level set of f. 

Let us prove Condition C4. 

Proposition 2.2. Let P{f) be a combinatorial diagram of pseudo- 
harmonic function f and ip : P{f) — > be an embedding such that 
i^{q{f))^dD\ 



10 



The set Fr S = Fr S is an image of a simple cycle Q of P{f) for any 
connected component S of \ ip{P{f)). 

Proof. All vertices of C P{f) which do not belong to Cr-cycle q{f) 
correspond to critical points of / for any j, thus they have even degree 
no smaller than 2. Therefore the set V^l^ of all vertices of of degree 
1 is contained in q{f) and we can apply Lemma Tl. II to a map ijjl 

By induction on the number of trees embedded into disk from 
Lemma fTTl it follows that a boundary Fr S of S is simple Jordan curve. 
Let us prove that its preimage Q = ?/'~^(FrS) is a subgraph of P{f). 
It suffices to verify the following assertion. Let e = e{vi,V2) be some 
edge of P{f) and x e e = e \ {f i, f2} be an inner point of e. If a; e Q, 
then e C Q. 

It is obvious that the set Q is a simple closed curve. Therefore 
Q \ {x'} is connected for any x' G Q. Thus Q \ e (any point 
of segment e except its endpoints splits it, see [22]). Suppose that an 
edge e is support of simple continuous curve a : I ^ P{f)i Q^(0) = Vi, 
= V2. Therefore x = a(r) for some r G (0, 1). We should remark 
that e is one-dimensional cell of CW-complex thus e = a{I) 

is an open subset of P{f) (we denoted / = (0,1)). For any interval 
H'tijh) = (^1,^2), ti,t2 G /, ti < ^2, the set a{I{ti,t2)) is an open 
subset of P{f). It is also obvious that P(/) \a;([ti, ^2]), where ^1,^2 £ I, 
ti < t2 is open in P(/). 

Let us show that at least one of sets a([0,r]), a([r, 1]) belong to 
Q. Suppose that it does not hold true. So, there exist ti G [0,r] 
and t2 G [r, 1] such that a(ti),a(t2) ^ Q- Then the nonempty sets 
Q n Q!(/(ti, ^2)) 9 X and Q \ a([ti, t2]) ^ <5 \ e open in subspace Q of 
P{f) generate a partition of Q, but it is impossible since Q is connected. 

Suppose that a{t) ^ Q for some t G /. Without loss of generality we 
can assume that t < r. Then a([r, 1]) C Q. Let us fix t' G (r, 1) and 
set x' = a(t'). The nonempty open in Q sets Q fl a{I{t,t'j) 3 x and 
Q\a{[t,t']) D Q\e generate in Q the partition of subset Q \ {x'}, but 
it is impossible since Q \ {x'} is connected. 

Thus e E Q and Q is a subgraph of P(/). The set Q is homeomorphic 
to circle thus it is a simple cycle. □ 

Lemma 2.1. Let P{f) be a diagram constructed at pseudoharmonic 
function f and : P{f) —>■ be an embedding that is consistent with 
f. 

Then for any component 9 of the complement \ P{f) = \Pf 
its closure 9 is homeomorphic to disk and f is regular on 9. 

Proof. Let 9 be a connected component of \ P{f). Let us prove, 
at first, that / is weekly regular in 9. From Propositions 12.11 and 12.21 
it follows that a boundary of 9 is a simple closed curve. Thus 9 is a 
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closed disk and 



Fre = enP/ = (en^(g(/)))u (en^(lj^i)) 



U U Ft , 



where Tt = entpilj-^i); Ty = enM(/) is a set of points ofaD^pp^Q 
which correspond to vertices of P{f) of \ Te are the open 

arcs of dD^ fl Fr 9 which correspond to the edges of the cycle g(/) 
without endpoints. It is obvious that the sets Ty, Te and Ft are 
pairwise disjoint. 

The set Ty consists of the isolated points of level sets of /. Each of 
them is a local extremum of / in D^. The function / is locally constant 
on Ft therefore any connected component K of such set belongs to 
■^(Ui^i) there exists G M such that K G /^^{ck)- Let 
be a connected component of f~^{cK) H 9 containing K. Then Tk C 
enip{[j^ ^i) = Tt. Consequently F^^ = K. 

From the definition it follows that all points of F^ are regular bound- 
ary points of f in D^. It is easy to see that sufficiently small canonical 
neighborhood of any point of F^; belongs to 9 therefore all points of 
F^; are regular boundary points of / in 9. 

By the definition the set F^; has a finite number of connected compo- 
nents (their number is no more than a number of the edges of the cycle 
g(/)) therefore there exists a finite collection of points zi,...,Z2n G 
Fr9 which divide the circle Fr9 into arcs 71, . . . ,72n such that F^; = 
Ufc=i 72fc-i (some arcs with even indices can degenerate into points). 

It is clear that Fr 9 \ |Jfc=i 72k-i = Ufc=i l2k = Fy U Ft. The sets Ty 
and Ft are closed and disjoint thus any arc 72^, k G {1, . . . , n}, belongs 
to either Ty or Ft. 

From the preceding it follows that any set 72^, k G {l,...,n}, is 
a connected component of some level set of / on 9. Therefore the 
collection of points zi, . . . , Z2n satisfies to Definition [FT] and / is weakly 
regular on 9. 

From Lemma fF2] it follows that n = A/'(/|_) = 2. If 72^ 7^ 0, 




k G {1,2}, then 72A; G Ft (the set Ty is discrete therefore 72A;nFy = 0, 
see above) and any point z G 72A; either belongs to Int D'^ or is boundary 
critical point of /. 

If z G 72fc n Int D^, then there exist an open neighborhood Wz of z in 
and a homeomorphism $2 : Wz —>■ Int such that ^z{z) = and 
/ o <!>-\w) = Rew"" + f{z) for some m > 2. The set ^z{f'^{f{z))) 
divides Int D"^ onto 2m open sectors such that each of them (for suf- 
ficiently small neighborhood Wz) belongs to \ P{f). Thus for at 
least one of them its image under the action of belongs to 9. It is 
obvious that for every such sector there exists ?7-trajectory of / which 
passes through the point z and is contained in the closure of the im- 
age of sector under the action of Taking that into account some 
[/-trajectory in 9 passes through z. 
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The number of the boundary critical points of / on is finite 
therefore V = 'j2k H IntD^ is a dense subset of an arc 72^, k G {1,2}, 
and function / is regular on 9. □ 

Lemma 2.2. Let P{f) be a combinatorial diagram of pseudoharmonic 
function; ipi, ip2 '■ P{f) be embeddings such that ipiiqif)) = dD'^ , 

i = 1,2. 

If an image i^iiQ) of a simple cycle Q C P{f) is a boundary of some 
component of the complement \ ipi{P{f)), then an image 'ip2{Q) is 
a boundary of some component of the complement \ ip2{P{f)) ■ 

Proof. Let us fix an embedding ip : P{f) consistent with /. Let 

ip : P{f) -D^ be an embedding such that ip{q{f)) = dD^. It is 
obvious that lemma follows from the following statement: an image 
ip{Q) of a simple cycle Q C P(/) is a boundary of some component of 
the complement \ ip{P{f)) iff a curve ^p{Q) is a boundary of one of 
components of D"^ \ Pf = D"^ \ ip{P{f)). Let us prove this statement. 

Suppose that an image (p{Q) of the cycle Q bounds one of the compo- 
nents 9 of the set D^\Pf. From Lemma ETT] it follows that / is regular 
on disk 9, therefore there exist points zi, . . . , ^4 G Fr 9 = (p{Q) which 
divide a curve (p{Q) into arcs 71, . . . , 74 satisfying the following condi- 
tions: 

• 7i 7^ 0, 73 7^ 0, and the set 71 U 73 is the set of boundary 
regular points of / on 9; 

• 72 and 74 are the components of level sets of / on 9. 

From these conditions it follows that (see a proof of Lemma [2TT]) 
72U74 = Fr9n (<^(y(P(/)))U^(|JvI/,)) D 

i 

(4) 3 Fr9nv?(|J^,) =Fr9n (|J<^(^,)). 

i i 

Suppose that 72 C f-\c'), 74 C f-\c") for c', c" G M. As 7^^ 
and all points of this set are regular boundary points of / on 9 the 
following statement holds true: Zi 7^ Z2 (since 71 = 71 \ {zi, Z2}) and / 
is strictly monotone on 71. Thus c" = f{zi) 7^ f{z2) = d and the sets 
72 and 74 belong to different level sets of /. 

Let us set Wi = ipoLp'^i^Zi), z/j = ipo{p~^{^^)^ i G {1, . . . , 4}. The curve 
il^{Q) bounds an open domain S. From ^ it follows that z/2 U z/4 D 
FrEn^(U,^.). 

Let us assume that a curve ipi^Q) C ip[P[f)) is not a boundary of 
connected component of \ ip{P{f)). Therefore S fl il){P{f)) 7^ 0. 
We fix ^ G S n i){P{f)). It is obvious that S C Int therefore 
X = ip-^{z) G P(/) \ q{f) C IJ. and z G ^^J{'^j) for some j. All 
vertices of the tree which do not belong to Cr-cycle g(/) correspond 
to the critical points of / thus they have even degree no less than 2. 
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So, the set V^l^ of all vertices of degree one of tree is contained in 
q{f). It is easy to see that this set has at least two elements. 

By easy check we can see that for any point m of a subspace 
of the space P{f) there exist v'^, v'^ G V^er ^ind path P{v'^,v") C 
which connects v'^ with v'^ and passes through u. Let us fix for a point 
X = vertices v'^, v" e l^ir ^iid a path P{v'^,v'^) C which 

connects them and passes through a point x. We also fix a simple 
continuous curve a : I ^ P{f) whose support is a path P{v'^,v"). 
Suppose that a(0) = v'^, a(l) = v", a;(r) = x. 

It is known that V(V'ter) C ip{q{f)) = but z = ^(x) G S C 

IntD^. Therefore r G (0,1). Furthermore V'(^x) ^ ^) so that 

each of the sets ip o a([0, r]) and ■?/' o a([r, 1]) should intersect ^/'(Q) = 
FrS. Suppose that 

t' = inf{t G [0,r] |^oa([t,r]) G S}, 
t" = sup{t G [r, 1] I ^ o a([r, t]) G S} . 

Then T G C (^oa)-i(E) but V o a(t'), ^ ° ^ V-IQ) = FrE. 

It is clear that for every e = e{w',w") G P{v'^,v") there exist t',t" G /, 
f < t" such that w;' = a{t'), w" = a{t") and e = So, 
there exist numbers to = < ti < ■ ■ ■ < = 1, vertices Vq = v'^, 
Vi, . . . ,Vk = f", and the edges Ci, . . . , of the tree such that Vi = 
a{ti), i e {0, . . . ,k}, and = a{[ti-i,ti]), i e {1, . . . ,k}. 

From the choice of the numbers t' and t" it follows that only the 
points a(t') and a(t") belong to the intersection of the set a{[t',t"]) 
and the subgraph Q. Thus a(t') = Vr and a{t") = Vs for some r, s G 
{0,...,A;}, r < s. Hence the path P{vr,Vs) = a{[t',t"]) connects the 
vertices Vr 7^ Vs of the cycle Q and intersects Q along the set {vr,Vs}. 

We know already that ^(fr), "ipivs) ^ i^2Uz/4. Observe that the points 
ipi^Vr) and ^(fs) can not belong to the different arcs 1^2, u^. Really from 
Proposition EH] it follows that there is c G M such that ^{^j) C /~^(c), 
therefore / o tpiyr) = / o '^{vg) = c. On the other hand, as we checked 
above, the sets 72 = o ■?/'~^(z/2) and 74 = ^9 o ip'^^u^j belong to the 
different level sets of /. 

Without loss of generality, suppose that ip{vr), ip{vs) G z/2- The set 
z/2 is connected, moreover z/2 C ip{^ j)^ fi ip{^j) = and z/2 U z/4 D 
ip{Q) n ■?/'(lJj \E'j). Therefore the connected set ip~^{i^2) = Q fl \E'j is a 
subgraph of P{f). Hence there exists the path P{vr, Vs) connecting the 
vertices Vr and Vg in Q H "^j. 

From the construction we have P{vr, Vs)UP{vr, Vs) C and P{vr, Vg) 7^ 
P{vr,Vs)- Since \E'j is a tree then the vertices Vr and Vs can be con- 
nected by the unique path in \E'j. So, we obtained the contradic- 
tion which proves that ip{P{f)) fl S = 0. Considering that FrE = 
V'(Q) ^ i^iPif)) it follows that E is a connected component of the set 
D'\^{P{f)). 
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Suppose now that for some simple cycle Q' C P(/) the curve ^J^Q') 
bounds a connected component E' of the set D"^ \ x(j{P{f)), but the 
curve ip{Q') is not a boundary of the connected component of the set 
D'\^{P{f))=D'\Pj. 

Let us prove that in this case Q' C v]/, . 

If it does not hold true, then there exists an edge eo C Q' fl q{f)- 
Evidently, there exists a connected component of the set D'^\ip{P{f)) 
whose boundary contains the set (p{eo). Suppose that Q = ip^^iFiQ). 
From Propositions 12. II and 12.21 it follows that Q is a simple cycle. As we 
proved above the set ip{Q) is a boundary of some connected component 
S of the set \ ^p{P{f )). Obviously, Cq C Q n Q' . 

Let X be an inner point of an edge Cq, z = ipi^x). By the conditions of 
proposition we have z G ip{q{f)) = dD"^ . It is easy to see that for suffi- 
ciently small neighborhood W of the point z in which is homeomor- 
phic to half-disk the set W\ip{P{f)) = W\ip{eQ) is connected. There- 
fore C EnE' ^ 0. From EnFrE' C EnV^(P(/)) = it 
follows that E C E'. By a parallel argument E' C \ ^(P(/)), thus 
E' n Fr E C E' n ^(P(/)) = and E' C E. Hence E' = E, Q' = Q and 
the curve f{Q') bounds a connected component of the set D'^ \ Pf, but 
it contradicts to the choice of the cycle Q' . Therefore Q' C |J^\E'i. 

The set Q' is connected thus there is j such that Q' C But \E'j 
is tree and no one cycle is contained in it. This contradiction is a final 
step of proof. □ 

Corollary 2.1. In the conditions of LemmalMTB there exists a homeo- 
morphism ^ : ^ D"^ such that ^ o ipi = iIj2- 

Proof. Let Ei,...,Efc be the connected components of the set D'^ \ 
ipi{P{f)) and Qi,---,Qk be the cycles of the graph P{f) such that 
i^iiQi) = FrEj, i G see Proposition 12.21 It is clear that 

Pif) = [Jl^Q^■ 

By Lemma [2?2l every set ip2{Qi) is a boundary of some connected 
component E- of D'^ \ ip2{P{f ))- By using Lemma [2?2] once again it is 
easy to see that D'^\tp2{P{f)) = Ui=i ^i- By Schoenfiies's theorem, for 
every i G {1, . . . , fc}, the homeomorphism ■ip2 ° "^f^l • ~^ 

V'2(Qi) can be extended to a homeomorphism of disks $j : Ej ^ E^, 
see [22]. It is easy to see that the map $ : ^ D^, 

^{z)=^i{z), iorze%, 

is well defined and maps D'^ onto itself bijectively. A finite family of 
the closed sets {Ej} generates the fundamental cover of D"^ and on each 
of them $ is continuous. Hence $ is continuous on D^, see [23]. It is 
known that a continuous bijective map of compactum to a Hausdorff 
space is a homeomorphism. □ 
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3. The conditions of topological equivalence 

Let f : ^ R he a. pseudoharmonic function and ai < ■ ■ ■ < ajv 
be all its critical and semiregular values. Let us consider a homeomor- 
phism hf : [oi, Gn] — > [1, N] such that hf{aj) = j for all j G {1, . . . , N}. 
It is easy to see that a continuous function / = hf o f is pseudo- 
harmonic, set of its critical and semiregular values is {1, . . . , N}, and 
P(/) = -P(/)- Function / is called a standardization of /. 

Theorem 3.1. Two pseudoharmonic functions f and g are topologi- 

cally equivalent ijf there exists an isomorphism of combinatorial dia- 
grams ip : P{f) P{g) which preserves a strict partial order defined 
on them and the orientation. 

Proof. Necessity. Suppose that two pseudoharmonic functions / : 
— > M and : — > R are topologically equivalent. Then there 
exist homeomorphisms H : ^ D'^ and /i : R — > M such that 
/ = o g o H. Also to / and g correspond their combinatorial 
diagrams P{f) and P{g) with the strict partial order and the orienta- 
tion which conform to / and g. Let ipi and 1P2 be embeddings of P{f) 
and P{g) into which are consistent with / and g, respectively (re- 
call that the partial orientations on Cr-subgraphs of P{f) and P{g) are 
the same as the orientation of dD"^). Evidently, the homeomorphism H 
maps the regular points of / onto the regular points of g and the critical 
points of / onto the critical points of g, respectively. From ho f = goH 
and bijectivity of h it follows that the homeomorphism H maps the 
regular, critical and semiregular levels of / onto regular, critical and 
semiregular levels of g, respectively. Thus H o ipi(^P(^f j) = ip2{.P{.g)) 
and the bijective map 99 = t/'^^ o H oipi : P{f) — > P{g) is defined. So, 
we have the following commutative diagram: 

P(/) M 

H 

P{g) > > R 

■02 9 

It is easy to see that (p defines an isomorphism of graphs. Let us prove 
that the maps (p and (fi~^ are monotone. We should remind that only 
the preserving orientation homeomorphisms R are considered thus the 
map /?. : R ^ M preserves an order of points of R. Let f 1 and V2 be two 
vertices of the diagram P{f ). By the definition of the diagram P{f) 
an inequality Vi < V2 is equivalent to / o ipi{vi) < f o ■^1(^2), so, that 
is also equivalent to h o f o ipilvi) < ho f o tpi{v2). This inequality is 
equivalent to goilj2 0ip[vi) < goip2 0ip{v2) since hofoipi = goHoipi = 
g o iIj2 ° f- By the definition of the relation of order on P{g), the last 
inequality is equivalent to (p{vi) < 93(^2) • So, the inequalities vi < V2 
and (fi{vi) < (p{v2) are equivalent. Finally, we remind that (f is bijective 
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by the construction thus (p and Lp ^ are monotone. From what we said 
it follows that ip : P{f) — > P{.g) is an isomorphism of diagrams. 

Sufficiency. Suppose that f,g:D^^'R are pseudoharmonic func- 
tions and -P(/), P{g) are their diagrams such that there exists an iso- 
morphism (f) : P{f) —>■ P{g) preserving a strict partial order on the set 
of vertices and the partial orientations on their Cr- subgraphs. 

At first, we want to replace the functions / and g on the normal- 
ized pseudoharmonic functions / and g with the same combinatorial 
diagrams as / and g. 

Let ai < ■ ■ ■ < ajv be the critical and the semiregular values of / 
and bi < ■ ■ ■ < Bm be critical and semiregular values of g. We fix 
homeomorphisms hf : [ai,aAr] — > [1,A^] and hg : [61, 6a/] [1;^] 
such that hf{ai) = i and hg{hj) = j for all i G {1,...,A^} and 
j G {1, . . . , M}. Obviously, the maps hf and hg are orientation preserv- 
ing. Required normalized pseudoharmonic functions have the following 
forms f = hf o f and g = hg o g. 

Let us fix an embedding ipf : P{f) which is consistent with 

/ and an embedding : P{g) which is consistent with g (we 

should remark that the embeddings ipf and ipg are also consistent with 
/ and g, respectively). 

Let us prove that for any vertex v of P{f) the following condition 
holds true 

(5) f o'^f{v) = goiPgO(f){v). 
We remark that 

/ o ^Pf{V{P{m = {ai, . . . , a^} , go i;^{V{P{g))) = {61, . . . , 6m} . 
Hence 

/ o i^f{V{P{f))) = {1, . . . , AT} , go i^g{V{P{g))) = {1, . . . , M} . 

Fix the sequence of vertices ui, . . . , G V{P{f)) such that foipfi^m) = 
1, . . . , / o ipfiug) = s = f o ipf{v). Then ui < ■ ■ ■ < Us in P{f) hence 
< ■ ■ ■ < (f){us) in P{g) and g o ipg{ui) o(f)<---<goipgO (f){us). 
Thus j <go^ljgO(j){uj),i G Hence fo^f{v) = foiPf{us) = 

s < g o Tpg o (j){us) = g o ipg o (f){y). By replacing / at g^ we have 
f o ipfiy) > g o Tpg o (j){v). So, ([5]) holds true. From (JH]) it follows that 
M = iV and f{D'^) = g{D^) = [1, N]. 

Let us construct a homeomorphism (p : P{f) — > P{g) such that it 
realizes an isomorphism and satisfies the following relation on the 
space P{f) 

(6) f o4)f = go4)gOip . 

By the definition we have ip{y) = 0(f), v G V{P{f)), on the set of 
vertices. 
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Suppose that an edge e = e{v',v") G E{P{f)) belongs to a subgraph 
IJ. = P{f) \ (lif)- The set e is connected and f o ^Jf is locally 

constant on IJi^il/)? therefore ^ /~^(c) for some c € M. In 

particular, / o ipf{v') = / o ipf{v") = c and vertices v' and f" are 
non comparable in P{f). So, the vertices and are non 

comparable in P{g) and 0(e) C IJj^i(5') = -Pis') Xlio)- Hence ipg o 
0(e) C g~^{c') for some c' G M, in particular, g o ipj o (piy') = g o 
ipf o 0(t>") = c'. But from ([5]) it follows that g o ipf o (piv') = f o 
ipfiv') = c, therefore e C (/ o ■0j)~^(c) and 0(e) C (^ o tpg)^^(c). 
Fix a homeomorphism : e — ^ 0(e) such that ip{v') = 0(f') and 
(p{v") = (piy"). Obviously, / o ipf{x) = g oipgO fe{x) = c, x G e. 

Suppose that an edge e = e(f ', v") G E{P{f)) belongs to Cr-subgraph 
q{f). Then every point of a set ipf{e) \ {ipf{v'),ipf{'v")} is a regular 
boundary point of /, hence / is strictly monotone on the arc V'/(e) and 
maps it homeomorphically on [c', c"] , where 

c' = min(/ o ijjfiv'), f o ipfiv")) , c" = max(/ o ipfiv'), f o ipfiv")) . 

Since is an isomorphism of the combinatorial diagrams then from 
CI it follows that 0(e) G q{g). Thus g maps the set ipg^cp^e)) in M 
homeomorphically. From ((51) it follows that g o ipg[(j)[e)) = [c', c"]. 
Suppose that 

^e=(g°'ipg\ ) o f o-^f : e ^ (j){e) . 

It is easy to see that this map is a homeomorphism and satisfies the 
following relation / o ■0j(x) = g oijjgO {p^i^x), x G e. 
Let us define a map ip : P{f) P{g) as 

(p{x) = ipe{x) , for X G e . 

By the construction (pe{v) = 0(f) for v G enV{P{f)) therefore ipe'{x) = 
(Pe"{x) for every pair of edges e', e" G E{P{f)) and a; G e' fl e" C 
V{P{f)). So, the map ip is defined correctly. It is easy to see that 
ip satisfies ([6]). The collection of edges {e G E{P{f))} generate a 
finite closed cover of a space P{f) thus it is fundamental. Hence ip 
is continuous since each of maps ipe is continuous by definition, where 
e G E{P{f)), see [23]. It is easy to see that is a bijective map and the 
spaces P{f) and P{g) are compact. Therefore ip maps P{f) on -?((?) 
homeomorphically. Moreover, since preserves orientation of q{f), 
then an orientation on q{g) = ip{q{f)) induced by ip coincides with the 
orientation of q{g) in P{g). 
We set 



Ho = i^gOip0^j,^ 
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By the construction Hq maps the set Pj = ipf{P{f)) on Pg = tpg{P{gj) 
homeomorphically. Moreover, from ((61) it follows that 

(7) 9oHo = f. 

As orientations induced on dD"^ = i'fiqif)) = i'giqig)) by 'ipf and ipg 
from q{f) and q{g) respectively coincide with the positive orientation 
of dD"^ by definition, then Hq preserves the orientation of dD^. 

Our aim is to extend Hq to a homeomorphism H : ^ such 
that g o H = f. 

Let 9 be one of connected components of D"^ \ P{f). From Propo- 
sitions ETT] and [2l2] it follows that there exists a simple cycle Q C P(/) 
such that ipfiQ) = FrQ. Evidently, 0(g(/)) = = q{g). Thus 

ijjg o (p{q{f)) = i'giqig)) = dD^ and from Lemma [2?2] it follows that a 
set ipgOip{Q) is a boundary of some connected component E of D'^\Pg. 

Denote by Rprif) a set of all regular boundary points of /. It is easy 
to see that, on one hand, Rptif) = 'ipfiqif) \ y{P{f)))i on the other 
hand the set Wj of all regular boundary points of coincides with 

^Fr(/) n e = Rprif) n Fre = Rp^if) n ^f{Q). Therefore Wf is an 
image of a set Q n \ V{P{f))). 

Let Rprig) be a set of regular boundary points of g. By analogy, 
we can conclude that the set Wg of regular boundary points of ^|_ is 

an image of a set (p{Q) fl {q{g) \ V{P{g))). But a map ip is bijective 
and, also, it is known that q{g) = ^{q{f )) and V{P{g)) = ip(y{P{f))). 
Therefore ^(Q) n {q{g) \ V{P{g))) = ^(Q n \ l^(P(/)))) and 

Wg = ^ljgO^O tljj\Wf) = HQiWf). 

From Lemma 12.11 it follows that the function / is regular on the set 
0. Let zi, . . . ,Z4^ and 71, . . . , 74 be the points and the arcs, respectively, 
from Definition [LTl Proposition 1 1 . II guarantees that Wf = 71U73 holds 
true. We set i^/ = 72 U 74 = Fr 6 \ Wf. 

Similarly, the function g is regular on the set S. Let Wi, ... ,104^ and 
z/i, . . . , z/4 be the points and the arcs, respectively, from Definition 1 1.71 
Then Wg = uiU z/3. We set Kg = U2U = FtE \ Wg. 

We already verified that Wg = HQ(Wf). The map Hq is bijective, 
thus Kg = HQ^Kf). Hence for the functions /|_ and ^|_ Theorem 11.11 

is satisfied with the same set D' G {P,D^,D'^} and its subset 

K'={{x,y)eD'\ye{yi,y2]]-. 
yi = mm{y\ {x,y) E D'} , 
7/2 = max{y \ (x, y) E D'} . 

Fix a homeomorphism : Fr9 — FrZ^' such that Xfi^f) = K'. We 
set 

Xg = Xf°'ipf° ° ^3"^ = Xf° Hq^ : Fr E ^ Fr . 
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The map Xg is a composition of homeomorphisms therefore Xg is a 
homeomorphism. Moreover, Xg{Kg) = Xf ° ^o^i^g) = = K'. 

From Theorem 11.11 it follows that there exist numbers a/, bj, ag, bg G 
M and homeomorphisms Fq : Q ^ D' and Gq : D' such that 

Pq\ =Xf,GQ\ = Xg, i^T^d foFQ\x,y) = afV + bf, goGQ^{x,y) = 

\ Kf \ Kg 

ttgU + bg, (x, y) G D'. We set 

Ki = {{x,y) eD'\y = yi}, 
K2 = {{x,y)eD'\y = y2}. 

Due to the choice of D' the sets Ki and K2 are connected. Hence 
FQ^{Ki), i = 1,2, are also connected. From Fq^{Ki) = xJ^{Ki) C 
Kf C ^y(\/(P(/)) U Ui*i(/)) it follows that there exists Ci G M 
such that Fq^(Ki) C (ci) (we remind that / is locally constant 
on the set iljf{V{P{f)) U U^i(/)))- On the other hand, Gq\Ki) = 
X-g\K,) = {xfoH^'r\K,), therefore ^oGq^ (7^0 = goH,ox-f\K,) = 
fox]\K,) = foFQ\K^) = Cl since (ED and Gq\K,) C g-\c,). Sim- 
ilarly, there exists C2 G M such that Fq^{K2) C f'^{c2) and Gq^{K2) C 
^~^(c2)- Hence for any (a;i,?/i) G -fCi and (2:2,1/2) £ -^^2 the following 
conditions hold true 

' f ° Fq^i^i^yi) = afyi + bf = Cl, 
g o GQ\xi,yi) = agyi + bg = Ci , 

f ° Fq\x2, y2) = a/2/2 + bf = C2, 

. 9 o GQ\x2,y2) = agy2 + bg = C2 . 

It is easy to see that a determinant of this system of linear equations 
with variables a/, bf, ttg and bg equals to {y2 — yiY- By the construction 
Vi 7^ 2/2 thus (2/2 ~ 2/1)^ 7^ and the system ([8]) has the unique solution 
which can be easily calculated: 

C2 - Cl Ci?/2 - C2yi 

= S = ' "f = "g = ■ 

2/2-2/1 2/2-2/1 

So, on the set D' the following equality holds true 

(9) /oFq1=^oGq^ 

It is clear that Gq^ o FQ(Fr9) = FrS. We remind that 

I Kf I I Kf 

Since Gq^ o Fq^Kf) = Ho(Kf) = Kg, then a homeomorphism Gq^ oFq 
satisfies to relations Gq^ oFq(1^/) = GQ^oFQ(Fr e\if/) = FrSyif^ = 

As we know, the set Wf has two connected components 71 and 73. 
Under the action of the homeomorphism Hq they have to map on the 



(8) 
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connected components Ui and of the set Wg. We cyclically change 
a numeration of the points Wi, ... ,104 and the arcs i/i, . . . , 1/4 so that 
-f^o(72fc-i) = ^2jfc-i, k — 1,2. The homeomorphism Gq^ o Fq also has 
to map the sets 71 and 73 on the connected components of the set Wg. 

Let us prove that under the condition 72 U 74 7^ the relations 
hold true o FQ(72fe_i) = i^2fc-i. k = 1,2. We remark that either 
° Pq{1i) = or ° -^<3(7i) = ^^3 holds true. 

It is clear that an arc 72A;-i is a closure of a arc 72A;-i in D"^ (by 
definition 72fe-i 7^ 0), k — 1,2; similarly, V2k-i — ^2k-i- Thus if 
° -^Q(72fe-i) 7^ J^2j-i for some k,j e {1, 2}, then o FQ(72fe_i) ^ 

Without loss of generality, suppose that 72 7^ 0. Then ,22 G 71 \ 73 
and Ho{z2) £ i^i \ 1^3- But 2^2 G 72 C and Ho{z2) = Gq^ o Fq{z2). 
Thus Gg^oFQi-fi) ^ i/3, hence ^^^0^^(71) = z/i and 0^^(73) = z/3. 

Suppose now that 72 U 74 = 0. Then both sets 72 and 74 are 
one-point and D' = D^. Consider an involution Inv : D"^ ^ D^, 
Inv{x,y) = {—x,y), {x,y) G D^. Obviously, it changes the connected 
components of PrD' \ = FQ{Wf). Moreover, Inv^^^ ~ Id since 

K' = {(0, -1), (0, 1)}. If Gq^ o Fq(7i) = i/3, then the map Gq can be 
replaced by Inv o Gq. It is easy to see that the following conditions 
hold true 

• IuvoGqI = Xg\ ; 



• go(InvoGQ) ^{x,y) = goGQ^{-x,y) = goGQ^{x,y) = agy+b 

• {Inv o Gq)-^ o Fq(7i) = Wg \ z/3 = z>i. 

So, we proved that the homeomorphisms Fq : Q ^ D' and Gq 
^ D' satisfy conditions 



foFQ' = goG-J-, 

Kf I Kf 



• Gq^ o FQ(72fc_i) = i>2k-i, k=l,2. 
We set Hq = Gq^ o Fq : O ^ E. Let us verify that 



Hnl — Hn 



'0 

Pre I Pre 



It is sufficient to prove that Hq{z) = Hq{z) for all z E W f = Fr Q\Kf C 
7i U73. As we know, the set 71 consists of the regular boundary points 
of the function /, therefore / is strictly monotone on the arc 71 and 
maps it on /(71) C M homeomorphically ( since 71 is the compactum 
and the space R is Hausdorff). Similarly, a map g\ : z/i — > ^(i^i) C 

is a homeomorphism onto its image. 



i/i 
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As a consequence of 71 C P/, z/i C Pg and from ((71) it follows that 
/(71) = 9 ° Hq{ji) = g{ui). Thus the following map is well defined 

I 71 

By using ((71) again we have Hq\ = g^^ o f\ . On the other hand, 

1 71 I 71 

from ([9]) it follows that / = goG~^ o Fq = goHq^ therefore g~^o f\ = 

I 71 

Hq\ . Hence HqI = Hq\ . 

1 71 1 71 1 71 

By analogy we prove that Hq\ = Hq\ . So, we constructed the 

'73 '73 

homeomorphism Hq : O ^ S such that 



Q 



and Hq\ =H, 







Pr e I Fr e 

Let us construct a homeomorphism H : ^ such that / = 
g o H. For every connected component G of \ Pf its boundary Fr G 
is an image of a simple cycle Q(G), see Propositions 12.11 and 12^21 For 
every G we fix the homeomorphism -f^Q(e) such that f = go HQ{e) and 
Ho(&\\ = HqI . We define H by the following relations 

H{z) = HQ^e), iovzee. 

If z G G' n G^, then z e Pf and Hq(^qi){z) = Hq{z) = HQ(^e>>){z). So, 
the map H is correctly defined. By Lemma [2?2] there exists a bijective 
correspondence between the connected components of the sets \ Pj 
and D'^\Pg. Thus H{Q')nH{e") = for G' ^ G" and J© ^(6) = D\ 
Hence the map H is bijective. 

Evidently, by the construction we have 

f = 9oH. 

The closures of the connected components of D"^ \ Pf generate a finite 
closed cover of disk D^. It is known [23] that this cover is fundamental. 
Therefore the map H is continuous on since by construction it is 
continuous on each element of its cover. 

It is known that a continuous bijective map of compactum in Haus- 
dorff's space is a homeomorphism. So, H : D"^ ^ D"^ is a. homeomor- 
phism. 

Now recall that map Hq |aD2= H \qj:,2 preserves the orientation. 
Consequently, H preserves the orientation on . 

We remind that f = hfO f and g = hg o g ioi some homeomorphisms 

preserve orientation. It is obvious that the map ho = h~^ohf : f{D'^) 
g{D'^) is a homeomorphism of the segment f{D'^) on the segment giD"^) 
which preserves the orientation. Let us fix a homeomorphism /i : M — > 
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M, which preserves the orientation and satisfies /i| ^ ~ ^^^^ 
to see that 

h o f = hg^ o hf o f = hg^ o f = hg^ o g o H = g o H , 

so, the functions / and g are topologically equivalent. □ 

On Fig. [3] the diagrams of two pseudoharmonic functions which have 
two local minima, two local maxima on dD^ and one boundary critical 
point are represented. But, these two functions are not topologically 
equivalent. 




Figure 3. The diagrams of topologically non equivalent 
pseudoharmonic functions. 
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